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Abstract Analytic formulas for the position of the first acoustic peak in the CMB 
are derived and discussed. They are generalized to the case of a time- 
dependent dark energy component and it is shown how the cosmic pa- 
rameters Hm and Aa, extracted from observations, have an intrinsic 
uncertainty until one knows whether the dark energy density is, or is 
not, time dependent. 



1. CBR Temperature Anisotropy. 

Although the Cosmic Background Radiation (CBR) was first discov- 
ered over thirty years ago , the detection of its temperature anisotropy 
waited until 1992 when the Cosmic Background Explorer (COBE) satel- 
lite provided its impressive experimental support [2, 3] for the Big Bang 
model. In particular, the COBE results were consistent with a scale- 
invariant spectrum of primordial scalar density perturbations [4, 5, 6, 7] 
such as might be generated by quantum fluctuations during an inflation- 
ary period. [8, 9, 10] 

This discovery of temperature anisotropy in the CBR has inspired 
many further experiments which will be sensitive to smaller angle anisotropics 
than the COBE satellite was (about 1"). NASA has approved the flight 
of a satellite mission, the Microwave Anisotropy Probe (MAP) in the 
year 2000 and ESA has agreed to a more accurate later experiment called 
the Planck Surveyor. The expected precision of these measurements im- 
plies that the angular dependence of the temperature anisotropy will be 
known sufficiently well that the location of the first acoustic (Doppler) 
peak, and possibly subsequent ones, will be resolved. Actually, the 
BOOMERANG[35] data have already provided a good measurement. 
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Although the hot big bang theory is supported by at least three major 
triumphs: the expansion of the universe, the cosmic background radia- 
tion and the nucleosynthesis calculations, it leaves unanswered several 
questions. The most important unanswered questions are the horizon 
and flatness issues. 

When the CBR last scattered, the age of the universe was about 
100,000 years compared to its present age of some 10 billion years. As 
we shall see, the horizon size at the recombination time subtends now 
an angle of about (1/208) of tt radians. On the celestial sphere there 
arc therefore approximately 40,000 causally disconnected regions. Nev- 
ertheless, these different regions have a uniform CBR temperature to an 
accuracy of better than one part in 10^. This is the horizon problem. 

The flatness problem may be understood from the cosmological equa- 
tion 

^ = (o-i)| (1) 

Evaluating Eq.(l) at an arbitrary time t and dividing by the same rela- 
tion at the present time t = to and using R ^ \/t gives 

(J^-l) = 4i?oV^(J)o-l) (2) 

For high densities we write 

i?2 SnGp MGgaT^ 



i?2 3 6 



(3) 



where a is the radiation constant and g is the efl^ective number of degrees 
of freedom. This leads to the relation between time and temperature, af- 
ter substituting the numerical values [a = l.^&xlQ~^ergm~^K~'^;G/(? = 
0.742 X 10-^^m/g;Ho = lOOhokm/s/Mpc = 3.25 x IQ-^^/ios"^] 

t{seconds) = (2.42 x 10-^)g-^/'^T^^y (4) 

Combining Eq.(2) with Eq.(4) leads to 

{n-l)= 3.64 X 10-''^ hlg-^T^^y {no - 1) (5) 

Given the proximity of to unity, we then deduce that Q at, for exam- 
ple, T = IMeV (t ~ Isccond) must be equal to one within one part in 
lO^'*! Otherwise the resultant cosmology will be incompatible with the 
present situation of our universe. This extraordinary fine-tuning is the 
flatness problem. 
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The goal[ll, 12, 13, 14, 15, 16, 17] of the CBR experiments is to 
measure the temperature autocorrelation function. The fractional tem- 
perature perturbation as a function of the direction n is expanded in 
spherical harmonics 

Ar(n) 

y = 2^a(^lm)Yim{n) (6) 

Im 

and the statistical isotropy and homogeneity of the universe imply that 
the coefficients have expectation values 

< {0'{lm))*0'{l'm') >= Ci^ll'Smm' (7) 

The plot of Ci versus / is expected to reflect oscillations in the baryon- 
photon fluid at the surface of last scatter. In particular, the first Doppler 
peak should be at the postion li = n/AO where AO is the angle now 
subtended by the horizon at the time of the last scattering, namely the 
recombination time corresponding to a red shift ~ 1, 100. 

The horizon and flatness problems described above can both be solved 
by the inflation scenario which has the further prediction that = 1 if 
the cosmological constant vanishes or more generally that + J^a = 1 
if the cosmological constant docs not vanish. 

The question we address here is restricted to the question of how much 
the value of li alone - likely to be accurately determined in the next few 
years - will tell us about the values of the cosmic parameters J7o and 

In Section 2, the case A = is discussed. In Section 3, there is the 
more general case; in Section 4 there is discussion of the Figures derived; 
finally, in Section 5, there is an amplification of the cosmological constant 
and its generalization to quintessence.. 



2. The Special Case A = 0, < rio < 1 

When the cosmological constant vanishes, the Einstein- Fricdmann 
cosmological equations can be solved analytically (not the case, in gen- 
eral, when A 7^ 0). So we shall begin by doing this special case explic- 
itly. It gives rise to the well-known result that the position of the first 
Doppler peak (partial wave ^i) expected in the partial-wave analysis de- 
pending on the present matter-energy density f^o (for A = 0) according 
to li ~ l/v/Oo [13, 17]. We shall show in the next section how in the 
general case with A 7^ there is a rather serious "comic confusion" in 
disentangling the value of from the position li of the first Doppler 
peak. Let us use the metric: 
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ds'^ = dt^ - ^ sinh^'^de^ + sinhHsir?ed(t?] (8) 

For a geodesic ds^ = and, in particular, 



d-^ _ 1 
'dR~^ 

Einstein's equation reads 



(9) 



where we take curvature k = —1. Let us define: 

^0 = Q ij-2 i ^ = /^o ^ ;a = OoiJoi?o (H) 



Then from Eq.(lO) we find that 

B?R^ = R^ + aR (12) 

and so it follows that 

d-^ fdR\-^ 1 1 



. CIS) 

dR dt \dtj RR ^R^ + aR ^ ' 

Since ^'o = Oj the value at time t can be computed from the integral 

'~Jb, ^[R + a/2Y -{a/2y^ ^ ' 

This can be performed easily with the substitution R = ^a{coshV — 1) 
to give the result: 

= cosh-' - l) - cosh-' - l) (15) 



Prom Eq.(lO) evaluated at f = to we see that 

1 _ 1 - 

and so, using sinh{cosh~'x) = y/x^ — 1 in Eq.(15) gives now 



(16) 



The position of the first Doppler peak depends on the angle subtended 
by the horizon size at the time t equal to the recombination time. This 
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corresponds to the distance {Ht)~^ . According to the metric of Eq.(8) 
the angle subtended is 

= ^ ^ , ^ (18) 
HtRtsmh^t 

and the position of the first Doppler peak corresponds to the partial 
wave li given by 

= ^ = nHtRtsinh^t (19) 

Now the red-shift at recombination is about zt = 1, 100 ~ {Ro/Rt) S> 1 
so we may approximate in Eq.(17) to find 



sinmt - (20) 

Using Hf = 8TrGp/3 + l/i?^ ~ nohl{Ro/R)^ gives 

/i(A = 0) = -^z^' (21) 

In particular, if J7o = 1 and A = 0, one has h 2± 208.4. If li does 
have this value empirically it will favor this simplest choice, although 
as we shall see in the following subsection even here the conclusion has 
ambiguities. 

In Fig. 1 of [22] is plotted li versus Qq for the particular case of 
Qa = 0. 



3. The General Case: < fio < 2; < < 1 

For the general case of < Oa < 2; < J7o < 1 we use the more 
general Einstein cosmological equation: 

ifR^ = -kR^ + aR + Ai?^/3 (22) 

where a = CIqHqRq. We define 

SttGpo a -k 

= orr2 '^^A = 17772^^^C = 772^ (23) 

Substituting R = Rqt and w = 1/r now gives rise to the integral[18] for 
^ _ j°° dw ^24^ 
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in which + + J^o = 1- 

Consider first the case of an open universe Clc > 0. Then 



h = TrHfRtsinh'^t 



(25) 



We know that 




SnGp A 1 



= m 



Since Rq S> Rt we may approximate: 

Ht 

and hence 




RtJ ^^c 

It follows that for this case ^Ic > that 



/l = TT 




sink ( \/Tlc 



dw 



(26) 

(27) 
(28) 

(29) 



For the case Q,c < 0(/c = +1) we simply replace sinh by sin in Eq. (29). 
Finally, for the special case Vic = 0; the generalized fiat case favored by 
inflationary cosmologies, Eq.(29) simplifies to: 



i?0 

Rt 



1/2 



dw 



(30) 



In Fig. 2 of [22] is plotted the value of h versus for the case Q,c = 
(flat spacctime). The contrast with Fig 1 of [22] is clear: whereas li 
increases with decreasing VLq when Vt\ = (Fig. 1 of [22]) the opposite 
behaviour occurs when we constrain J7a = 1 — fio (fig-2 of [22]). 

With VLq and 17a unrestricted there are more general results. In Fig. 3 
of [22] are displayed iso-1 lines on a f^o — J^a plot. The iso-1 lines are (from 
right to left) for the values h = 150, 160, 170, 180, 190, 200, 210, 220, 
230, 240, 250, 260, 270 respectively. One can see that from the position{li) 
only of the flrst Doppler peak there remains a serious ambiguity of in- 
terpretation without further information. 

In Fig, 4 of [22] , there is a three dimensional rendition of the value of 
li versus the two variables Qq and ft a. 
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4. Discussion of Cosmic Parameter Ambiguities. 

Let us now turn to an interpretation of our Figures, from the point 
of view of determining the cosmic parameters. 

In the case where A = Q\ = 0, Fig.l of [22] is sufficient. In this case, 
there is the well-known dependence[13, 17] h = (208.4)/\/f2o ihustrated 
in Fig.l. It would be straightforward to determine with an accuracy 
of a few percent from the upcoming measurements. 

Of course there is a strong theoretical prejudice towards A = 0. But 
no underlying symmetry principle is yet known. If 7^ 0, one knows 
that it is not bigger than order one; this is very many orders of magnitude 
smaller than expected [19] from the vacuum energy arising in spontaneous 
breaking of symmetries such as the clcctrowcak group SU{2) x U{1). 

Nevertheless, recent observations of high redshift Type la supernovae 
have led to the suggestion of an increasing Hubble parameter [20, 21]. 
An interpretation of this is that the cosmological constant is non-zero, 
possibly ~ 0.7 but is still consistent with fio = 1 — ^A- These results 
are certainly enough to motivate a full consideration of non-zero values 

of r^A- 

Thus we come to Fig. 2 of [22] which depicts the fig dependence of 
li when + r^A = 1 is held fixed as in a generalized flat cosmology 
that could arise from inflation. We notice that here h decreases as 
decreases from VLq = \^ the opposite behaviour to Fig. 1 of [22]. Thus 
even the shift of l\ from li = 208.4 depends on the size of A. 

It is therefore of interest to find what are the contours of constant Zi 
in the VLq — plane. These iso-1 lines are shown in Fig. 3 of [22] for li = 
150, 270 in increments A^i = 10. If we focus on the li = 210 contour 
(the seventh contour from the left in Fig. 3 of [22]) as an example, we 
see that while this passes close to the ^q = 1,K = {) point it also tracks 
out a line naturally between those shown in Figs. 1 and 2 (actually 
somewhat closer to the latter than the former). 

Fig. 4 of [22] gives a three-dimensional rendition which includes the 
Figures 1-3 of [22] as special cases and provides a visualisation of the 
full functional dependence of Ii{^q,Q^). 

Our main conclusion is that the position li of the first Doppler peak 
will define the correct contour in our iso-1 plot. Fig. 3 of [22]. More in- 
formation will be necessary to determine fio and the validity of inflation. 
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5. The Cosmological Constant Reconsidered. 

Our knowledge of the universe has changed dramatically even in the last 
few years. Not long ago the best guess, inspired partially by inflation, 
for the makeup of the present cosmological energy density was = 1 
and = 0. However, the recent experimental data on the cosmic back- 
ground radiation and the high - Z [Z = red shift) supernovae strongly 
suggest that both guesses were wrong. Firstly — 0.3 it 0.1. Second, 
and more surprisingly, J7a — 0.7 ± 0.2. The value of f^A is especially 
unexpected for two reasons: it is non-zero and it is > 120 orders of 
magnitude below its "natural" value. 

The fact that the present values of Urn and Qa are of comparable order 
of magnitude is a "cosmic coincidence" if A in the Einstein equation 

is constant. Extrapolate the present values of flm and S7a back, say, 
to redshift Z = 100. Suppose for simplicity that the universe is flat 
flc = and that the present cosmic parameter values are Qrn = 0.300... 
exactly and J7a = 0.700... exactly. Then since pm oc R{t)~^ (we can 
safely neglect radiation), we find that Q.m ~ 0.9999.. and Oa — 0.0000.. 
at Z = 100. At earlier times the ratio becomes infinitesimal. 

There is nothing to exclude these values but it does introduce a second 
"flatness" problem because, although we can argue for Vim + J^a = 1 
from inflation, the comparability of the present values of and J7a 
cries out for explanation. 

In the present Section 5 wc shall consider a specific model of quintessence. 
In its context we shall investigate the position of the first Doppler peak in 
the Cosmic Microwave Background (CMB) analysis using results pub- 
lished by two of us with Rohm earlier [22]. Other works on the study 
of CMB inch.idc[23, 24, 25, 26]. Wc shall explain some subtleties of 
the derivation given in [22] that have been raised since its publication 
mainly because the formula works far better than its expected order-of- 
magnitude accuracy. Data on the CMB have been provided recently in 
[27, 28, 29, 30, 31, 32, 33, 34] and especially in [35]. 

The combination of the information about the first Doppler peak and 
the complementary analysis of the deceleration parameter derived from 
observations of the high-red-shift supernovae[36, 37] leads to fairly pre- 
cise values for the cosmic parameters VLrn and Oa. We shall therefore also 
investigate the effect of quintessence on the values of these parameters. 
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In [22], by studying the geodesies in the post-recombination period a 
formula was arrived at for the position of the first Doppler peak, li . For 
example, in the case of a flat universe with flc = J7m + ^^A = 1 
and for a conventional cosmological constant: 



; / ^ 



1/2 



dw 



(31) 



If $7(7 < the formula becomes 



h = 



TT fRl_ 



M 



Rt 



X sin Qc" 



Rt 



dw \ 



1/2 



(32) 



For the third possibility of a closed universe with Q,c > the formula is: 



h = 



+ nA + bnc 




Rq 

'Rt 



1/2 



(33) 



The use of these formulas gives iso-^i lines on a Oiw- — plot in 25 ^ 50% 
agreement with the corresponding results found from computer code. On 
the insensitivity of li to other variables, see[38, 39]. The derivation of 
these formulas was given in [22]. Here we add some more details. 



The formula for li was derived from the relation li = Tr/A9 where 
is the angle subtended by the horizon at the end of the recombination 
transition. Let us consider the Legendre integral transform which has 
as integrand a product of two factors, one is the temperature autocorre- 
lation function of the cosmic background radiation and the other factor 
is a Legendre polynomial of degree I. The issue is what is the lowest 
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integer I for which the two factors reinforce to create the doppler peak? 
For small I there is no reinforcement because the horizon at recombina- 
tion subtends a small angle about one degree and the CBR fluctuations 
average to zero in the integral of the Legendre transform. At large I the 
Legendre polynomial itself fluctuates with almost equispaced nodes and 
antinodes. The node-antinode spacing over which the Legendre polyno- 
mial varies from zero to a local maximum in magnitude is, in terms of 
angle, on average tt divided by /. When this angle coincides with the an- 
gle subtended by the last-scattering horizon, the fluctuations of the two 
integrand factors are, for the first time with increasing synchronized 
and reinforce (constructive interference) and the corresponding partial 
wave coefficient is larger than for slightly smaller or slightly larger I. 
This explains the occurrence of vr in the equation for the li value of the 
first doppler peak written as li = n/AO. 

Another detail concerns whether to use the photon or acoustic hori- 
zon, where the former is a/3 larger than the latter? If we examine the 
evolution of the recombination transition given in [40] the degree of ion- 
ization is 99% at 5, 000°K (redshift Z = 1, 850) falling to 1% at 3, 000°K 
(Z = 1, 100). One can see qualitatively that during the recombination 
transition the fluctuation can grow. The agreement of the formula for 
li , using the photon horizon, with experiment shows phenomenologcally 
that the fluctuation does grow during the recombination transition and 
that is why there is no full factor of \/3, as would arise using the acoustic 
horizon, in its numerator. When we look at the CMBFAST code below, 
wc shall find a factor in li of ~ 1.22, intermediate between 1 (optical) 
and \/3 (acoustic). 

To introduce our quintessence model as a time-dependent cosmologi- 
cal term, we start from the Einstein equation: 



where A(t) depends on time as will be specified later and = diag(p, —p, —p, —p). 
Using the Robertson- Walker metric, the '00' component of Eq.(34) is 




(34) 




(35) 




'^^ + ^ + ^.=-^'^Gp + k 



(36) 
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Energy-momentum conservation follows from Eqs. (35,36) because of the 
Bianchi identity D^'{R^^ - \g^^) = Df'ikg^^ + SttGT^^) = L>%^ = 0- 

Note that the separation of T^jy into two terms, one involving A(i), as 
in Eq(lO), is not meaningful except in a phenomenological sense because 
of energy conservation. 

In the present cosmic era, denoted by the subscript '0', Eqs. (35,36) 
become respectively: 



SttG „o . k_ 1 



3 P^ = Hl + ^-^k^ (37) 



k 



-SttGpo = -2qoH^ + H^+ (38) 

Kq 



where we have used qo = — j^fj^ and Hq = 

For the present era, po <^ pq for cold matter and then Eq.(38) be- 



comes: 



where = and Qa 



qo = - (39) 

Ao 



3Hg SHq 



Now we can introduce the form of A(t) we shall assume by writing 

A{t) = bR{t)-^ (40) 

where 5 is a constant and the exponent P we shall study for the range 
< P < 3. This motivates the introduction of the new variables 

P - 3 

(Im = — 3 _ p ^A' ^A = 3 _ p ^A (41) 

It is unnecessary to redefine because Qm + ^^A = ^Af + ^^A- The 
case P = 2 was proposed, at least for late cosmological epochs, in [41]. 



The equations for the first Doppler peak incorporating the possibility 
of non-zero P are found to be the following modifications of Eqs. (31, 32, 33). 
For J^c = 



12 




If < the formula becomes 




X sm 



dw 



1/2 



(43) 



For the third possibihty of a closed universe with > the formula is: 



u = 



77 



M 



sinh v^^c 



1/2 



«0 



(44) 



The dependence of h on P is illustrated for constant Qm = 0.3 in Fig. 

1(a), and for the flat case = in Fig. 1(b). (These figures arc in 
[43]) For illustration we have varied < P < 3 but as will become clear 
later in the paper (see Fig 3 of [43] discussed below) only the much more 
restricted range < P < 0.2 is possible for a fully consistent cosmology 
when one considers evolution since the nucleosynthesis era. 



We have introduced P as a parameter which is real and with < P < 3. 
For P ^ we regain the standard cosmological model. But now we must 
investigate other restrictions already necessary for P before precision 
cosmological measurements restrict its range even further. 
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Only for certain P is it possible to extrapolate the cosmology con- 
sistently for all < 'u; = {Rq/R) < oo. For example, in the flat case 
= which our universe seems to approximate [35], the formula for 
the expansion rate is 



^MW^ + n^w^ (45) 



This is consistent as a cosmology only if the right-hand side has no zero 
for a real positive w = w. The root w is 

■i'-fy (46) 




P- 3Q 



M 



If < < 1, consistency requires that P < 3Qm- 



In the more general case of Qc 7^ the allowed regions of the Qm — 
plot for P = 0, 1, 2 are displayed in Fig. 2 of [43]. 



We see from Eq. (46) that if we do violate P < 3Qm for the flat case then 

there is a iti > where the cosmology undergoes a bounce, with R = 
and R changing sign. This necessarily arises because of the imposition 
of D^T^y = for energy conservation. For this example it occurs in 
the past for w > 1. The consistency of big bang cosmology back to the 
time of nucleosynthesis implies that our universe has not bounced for 
any 1 < w < 10^. It is also possible to construct cosmologies where the 
bounce occurs in the future! Rewriting Eq.(46) in terms of J^a: 

" = UA-(3-P)j ^''^ 



If P < 3, then any Q\ < will lead to a solution with < < 1 
corresponding to a bounce in the future. If P > 3 the condition for a 
future bounce is JIa < — ("^5^) • What this means is that for the flat case 
flc = with quintessence P > it is possible for the future cosmology 
to be qualitatively similar to a non-quintessence closed universe where 
P = at a finite future time with a subsequent big crunch. 
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Another constraint on the cosmological model is provided by nucle- 
osynthesis which requires that the rate of expansion for very large w 
does not differ too much from that of the standard model. 

The expansion rate for P = coincides for large w with that of the 
standard model so it is sufficient to study the ratio: 

{R/Rfp/{R/R)%^o "=^" {3nM-P)/{{3-P)nM) (48) 
"=^~ {AnR-P)/{{4-P)nR) (49) 

where the first limit is for matter-domination and the second is for 
radiation-domination (the subscript R refers to radiation). 

The overall change in the expansion rate at the BBN era is therefore 

{R/Rfp/{R/Rfp^Q (30Af - P)/((3 - P)J^m) X 

X (40^"^^^ - P)/((4 - P)0*j^""") (50) 

where the superscript "trans" refers to the transition from radiation 
domination to matter domination. Putting in the values VLm = 0.3 and 
^t^ans _ Q 5 leads to P < 0.2 in order that the acceleration rate at 
BBN be within 15% of its value in the standard model, equivalent to the 
contribution to the expansion rate at BBN of one chiral neutrino flavor. 

Thus the constraints of avoiding a bounce {R = 0) in the past, and then 
requiring consistency with BBN leads to < P < 0.2. 

We may now ask how this restricted range of P can effect the extrac- 
tion of cosmic parameters from observations. This demands an accuracy 
which has fortunately begun to be attained with the Boomerang data 
[35]. If we choose h = 197 and vary P as P = 0, 0.05, 0.10, 0.15, 0.20 we 
find in the enlarged view of Fig 3 in [43] that the variation in the pa- 
rameters Q.M and can be as large as ±3%. To guide the eye we have 
added the line for deceleration parameter go = —0.5 as suggested by 
[36, 37]. In the next decade, inspired by the success of Boomerang (the 
first paper of true precision cosmology) surely the sum (JIm + ^a) will 
be examined at much better than ±1% accuracy, and so variation of the 
exponent of P will provide a useful parametrization of the quintessence 
alternative to the standard cosmological model with constant A. 
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Clearly, from the point of view of inflationary cosmology, the pre- 
cise vanishing of = is a crucial test and its confirmation will be 
facilitated by comparison models such as the present one. 

We have also studied the use of the public code CMBFAST[42] and 
how its normalization compares to that in [22]. For example, with P = 
and J7a = 0.3, h^o = 0.65 we find using CMBFAST that 



= 0.5, h = 284 {h = 233 from [22]) 
9,K = 0.6, h = 254 [h = 208 from [22]) 
J)a = 0.7, ^1 = 222 {h = 182 from [22]) 

= 0.8 = 191 (Zi = 155 from [22]) 



The CMBFAST h values are consistently 1.22 times the h val- 
ues from [22]. As mentioned earlier, this normalization is intermediate 
between that for the acoustic horizon (\/3) and the photon horizon (1). 

Finally, we remark that the quintessence model considered here is 
in the right direction to ameliorate the "age problem" of the universe. 
Taking the age as 14.5Gy for VIm = 0.3, Vic = and /iioo = 0.65 the 
age increases monotonically with P. It reaches slightly over 15 Gy at 
the highest-allowed value P = 0.2. This behavior is illustrated in Fig 4 
of [43] which assumes = 0.3 and flatness as P is varied. 



Acknowledgments 

This work was supported in part by the US Department of Energy 
under Grant No. DE-FG02-97ER-41036. 

References 

[1] A.A. Penzias and R.W. Wilson, Ap. J. 142, 419 (1965). 

[2] G.F. Smoot et al, Ap. J. Lett. 396, LI (1992). 

[3] K. Ganga et al, Ap.J. 410, L57 (1993). 

[4] J.M. Bardeen, P.J. Steinhardt and M.S. Turner, Phys. Rev. D28, 679 (1983). 

[5] A.A. Starobinsky, Phys. Lett. B117, 175 (1982). 

[6] A.H. Guth and S.-Y. Pi, Phys. Rev. Let. 49, 1110 (1982). 

[7] S.W. Hawking, Phys. Lett. B115, 295 (1982). 

[8] A.H. Guth, Phys. Rev. D28, 347 (1981). 

[9] A.D. Linde, Phys. Lett. B108, 389 (1982). 

[10] A. Albrecht and P.J. Steinhardt, Phys. Rev. Lett. 48, 1220 (1982). 



16 



[11] R.L. Davis, H.M. Hodges, G.F. Smoot, P.J. Steinhardt and M.S. Turner, 
Phys. Rev. Lett. 69, 1856 (1992). 

[12] ,J.R. Bond, R. Crittenden, R.L. Davis, G. Efstathiou and P.J. Steinhardt, 
Phys. Rev. Lett. 72, 13 (1994). 

[13] P.J. Steinhardt, Int. J. Mod. Phys. AlO, 1091 (1995). 

[14] A. Kosowsky, M. Kamionkowski, G. Jungman and D.N. Spergcl, 

Determining Cosmological Parameters from the Microwave Background. Talk 
at 2nd Symposium on Critique of the Sources of Dark Matter in the Universe, 
Santa Monica, CA, Fob 14-16, 1996; Nucl. Phys. Proc. Suppl. 51B, 49 (1996). 

[15] M. Kamionkowski and A. Loeb, Phys. Rev. D56, 4511 (1997). 

[16] M. Kamionkowski, Cosmic Microwave Background Tests of Inflation. 

To be published in Proceedings of the 5th International Workshop on Topics in 
Astroparticle and Underground Physi cs (TAUP97), Gran Sasso, Italy, Septem- 
ber 7-11, 1997. 

[17] M. Kamionkowski, 

Cosmological-Parameter Determination with Cosmic Microwave Background 
Temperature Anisotropics and Polarizat ion. 

To be published in the Proceedings of the 33rd rencontres de Moriond: Fun- 
damental Parameters in Cosmology, Les Arcs, France, January 15-24, 1998. 
astro-ph/9803168. 

[18] We note the similarity to the formula for the age of the universe: 



which is also an elliptic integral that cannot be done analytically. 

[19] For a review of the cosmological constant problem see, for example, 

S. Weinberg, Rev. Mod. Phys. 61, 1 (1989); Y.J. Ng, Int. J. Mod. Phys. Dl, 
145 (1992). 

[20] S.J. Perlmutter et aZ., (The Supernova Cosmology Project) 

Discovery of a Supernova Explosion at Half the Age of the Universe and Its 

Cosmological Implications, astro-ph/9712212. 

[21] S.J. Perlmutter et a/., (The Supernova Cosmology Project) astro-ph/9608192. 

[22] P.H. Frampton, Y.J. Ng and R.M Rohm, Mod. Phys. Lett A13, 2541 (1998). 
astro-ph/9806118. 

[23] M. Kamionkowski and A. Kosowsky, Ann. Rev. Nucl. Part. Sci. 49, 77 (1999). 
M. Kamionkowski, Science 280, 1397 (1998). 

[24] J.R. Bond, in Cosmology and Large Scale Structure. 

Editors: R.Schaeffer et al. Elsevier Science, Amsterdam (1996). page 469. 

[25] C.L. Bennett, M. Turner and M. White, Physics Today, November 1997. page 
32 

[26] C.R. Lawrence, D. Scott and M. White, PASP 111, 525 (1999). 
[27] C.H. Lineweaver, Science 284, 1503 (1999). 
[28] S. Dodelson and L. Knox, Phys. Rev. Lett. 84, 3523 (2000). 
[29] A. Melchiorri, et al. Ap.J. (in press), astro-ph/9911444. 




(51) 



REFERENCES 



17 



[30] E. Picrpaoli, D. Scott and M. White, Science 287, 2171 (2000). 

[31] G. Efstathiou, to appear in Proceedings of NATO ASI: Structure Formation in 
the Universe, Editors: N. Turok, R . Crittenden. astro-ph/0002249. 

[32] M. Tegmark and M. Zaldarriaga. astro-ph/0002091. 

[33] O. Lahav et al. astro-ph/9912105. 

[34] M. Le Dour et al. astro-ph/0004282. 

[35] P. Bernardis, et al. (Boomerang experiment). Nature 404, 955 (2000). 

[36] S. Perlmutter et al (Supernova Cosmology Project). Nature 391, 51 (1998). 

[37] A.G. Reiss et al. Astron. J. 116, 1009 (1998). 

C.J. Hogan, R.P. Kirshner and N.B. Suntzeff, Sci. Am. 280, 28 (1999). 

[38] W. Hu and M. White, Phys. Rev. Lett. 77, 1687 (1996). 

[39] W. Hu and M. White, Ap. J. 471, 30 (1996). 

[40] P.J.E. Peebles, Ap.J. 153, 1 (1968). 

[41] R.D. Sorkin, Int. J. Th. Phys. 36, 2759 (1997); 

W. Chen and Y.S. Wu, Phys. Rev. D41, 695 (1990). 

[42] See e.g. http://www.sns.ias.edu/' 
matiasz/CMBFAST/cmbfast.html 

[43] J.L. Crooks, J.O Dunn, P.H. Frampton, Y.J. Ng and R.M. Rohm, Mod. Phys. 
Lett. A (2001, in press), astro-ph/0010404 



